Suspension flow and sedimentation in self-affine fractures Phys. Fluids 24, 053303 (2012) New rationale for large metazoan embryo manipulations on chip-based devices Biomicrofluidics 6, 024102 (2012) Diffusion, sedimentation, and rheology of concentrated suspensions of core-shell particles J. Chem. Phys. 136, 104902 (2012) Break-up of suspension drops settling under gravity in a viscous fluid close to a vertical wall Phys. An alternative numerical method for suspension flows with application to sedimenting suspensions at finite-particle Reynolds numbers Re p is presented. The method consists of an extended lattice-Boltzmann scheme for discretizing the locally averaged conservation equations and a Lagrangian particle tracking model for tracking the trajectories of individual particles. The method is able to capture the main features of the sedimenting suspensions with reasonable computational expenses. 
I. INTRODUCTION
Sedimenting suspensions exist in various forms of natural phenomena and man-made processes. Examples include the sedimentation of dust in the atmosphere, the centrifugation of proteins, and the deposit of contaminants in waste water. Despite a century of research, a complete understanding of such phenomena is only partially achieved. [1] [2] [3] [4] [5] When a solid spherical particle is placed in a quiescent viscous fluid within an unbounded domain, the particle velocity magnitude increases from zero to a steady value V t under the influence of gravity. Note that, this paper focuses only on systems with spherical particles. The particle maintains its terminal velocity V t , since the net force (e.g., the sum of the drag force, buoyancy, and gravity) on the particle is zero. While sedimenting, the particle drags the fluid with it generating a velocity disturbance in the fluid which decays as O(1/r) with r the distance around the particle. 1 By randomly adding identical particles in the domain, a sedimenting suspension of monodisperse particles is formed. The dynamics of the suspension are more complex since they are not characterized solely by the interactions between particle and fluid but also by the direct and indirect interactions between particles. The direct interactions take place in the form of collisions between particles. The indirect interactions are induced by the velocity disturbance in the fluid generated by other particles. The indirect interactions are also known as the long-range multibody hydrodynamic interactions. 1, 6 The average particle settling velocity in the direction parallel to gravity V will be smaller than the terminal velocity due to the hydrodynamic interaction, the effect of particles displacing significant amount of fluid, and the buoyancy which now relates to the mixture density. Hereafter − represents the average value over all particles in the domain. The subscripts and ⊥ 123303-2 R. Sungkorn and J. J. Derksen Phys. Fluids 24, 123303 (2012) represent the directions parallel and perpendicular to gravity, respectively. The hindrance in V is well understood by the rigorous theoretical derivation of Batchelor 7 at low particle Reynolds number Re p = 2V t r p /ν l (based on the particle radius r p and the fluid kinematic viscosity ν l ) and low particle volume fraction φ p , and by numerical simulations at higher φ p . 4 The average settling velocity in the direction parallel to gravity V is found to be a function of φ p and well represented by the correlation
where the values of k and n depend on the Re p regime 8, 9 However, sedimenting suspensions are not characterized completely by the average settling velocity, the amplitude of the particle velocity fluctuations about the average V ,⊥ = [V ,⊥ − V ,⊥ ] 2 1/2 is also important, especially in describing the mixing within the suspensions. Despite the universal behavior of the average settling velocities (i.e., V ,⊥ being independent from the size and shape of the container 7, 10 ), Caflisch and Luke 11 pointed out based on Batchelor's assumptions that the particle velocity fluctuations scale linearly with the size of the container. Similar scaling behavior was found in numerical simulations. 12, 13 In contrast, no such dependency was found experimentally. 3, 4, 6, 10 This contradiction, known as Caflisch-Luke paradox, generated controversy among researchers. However, some observations from the experiments at Re p up to O(10 −3 ) play a key role in increasing our understanding of sedimenting suspensions. First, the fluctuation amplitudes V ,⊥ were found to increase with the particle volume fraction as φ 1/3 p up to φ p = 0.3, and exhibited strong anisotropy with the greater magnitude in the direction parallel to gravity. 2, 6 Second, there exists a range of domain sizes in which V ,⊥ have a strong domain size dependence, and above which V ,⊥ become weakly dependent. 2 Remarkably, previous studies focus extensively on the influence of the particle volume fraction φ p and L on the sedimenting suspensions. The influence of finite Re p has sparked somewhat less interest, first by Hinch 14 and Koch, 15 and recently by Yin and Koch.
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The objectives of this paper are twofold. First, to propose an alternative numerical simulation method which can be used to gain insight into sedimenting suspensions. A variation of the latticeBoltzmann (LB) scheme due to Somers, 17 and Eggels and Somers 18 is extended to include the presence of the discrete particle phase in the locally averaged conservation equations. 19 In order to simulate large numbers of particles in large domains for a sufficiently long simulation period, a distributed-particle concept is employed. With the expense of flow details, this approach provides new perspective to the study of sedimenting suspensions which is prohibitively expensive for direct numerical approaches with fully resolved particles. In this concept, the trajectories of individual particles are tracked in a Lagrangian manner by solving Newton's equations of motion. The influences of the particles on the fluid are mimicked through momentum coupling between solid and fluid, and the incorporation of the fluid volume fraction φ l = 1 − φ p in the conservation equations. Flow features at scales smaller than the particles are lumped in correlations for drag and lift, and in a hindrance function. It is postulated that the distributed-particle concept contains the minimum physics required for realistic numerical simulations of dilute sedimenting suspensions at low and finite Re p (i.e., Re p ≤ 2). This will be assessed by comparing the simulation results with experimental data from the literature.
Second, to numerically investigate the behavior of sedimenting suspensions with particle Reynolds numbers Re p in the finite range, i.e., Re p ∼ O(10 −2 ) to O (10 0 ). This paper is limited to sedimenting suspensions of non-Brownian monodisperse spherical particles at dilute particle volume fraction, i.e., φ p up to 0.01. Complexities, which may arise from the presence of walls and stratification in the particle concentration, are avoided by considering only cubic periodic domains with statistically uniformly distributed particles.
The paper is organized as follows. In Sec. II, a derivation of the extended lattice-Boltzmann scheme is presented. The distributed-point particle concept is briefly introduced. The proposed numerical method is used to simulate sedimenting suspensions at various particle volume fractions φ p , particle Reynolds numbers Re p , and domain sizes. In Sec. III, the simulation results are presented and discussed. Comparisons with experimental data from the literature and the validity of the proposed method are demonstrated. The understandings obtained from the simulations are concluded in Sec. IV.
II. NUMERICAL METHOD

A. Liquid hydrodynamics
Consider a two-phase flow system consisting of dispersed particles in a continuous fluid phase without mass transfer. If the scale of interest is larger than the scale of the dispersed particles, the continuous phase hydrodynamics can be described by averaging properties at an instant in time over a volume. The averaging volume must be chosen such that it is large enough to obtain a near stationary average and small enough to correctly provide the local-averaged values. 19, 21 In this paper, the following form of the locally averaged mass conservation equation is used:
with φ l the continuous fluid phase volume fraction, ρ l the fluid density, and u the average velocity of the continuous fluid phase. The locally averaged momentum conservation equation takes the following form:
with F p the sum of forces exerted by particles on the fluid and V l the averaging volume. The stress tensor σ is expressed as
where P denotes the modified pressure. In order to extend the existing lattice-Boltzmann scheme for the locally averaged conservation equations presented above, we split the governing equations into a contribution to the single phase flow and a part arising from the presence of the dispersed particles. The equations are rearranged using some standard algebra to
The factor due to the presence of the dispersed phase f φ is defined as
It can be noticed that Eqs. (5) and (6) resemble their single-phase counterparts with an addition of the factor f φ and the solid-to-fluid coupling force term. The lattice-LB scheme mimics the evolution of fluid flow using a many-particle system residing on a uniform, cubic lattice. 22, 23 The projection of the four-dimensional (4D) face-centered-hypercubic (FCHC) lattice is commonly used for simulations of the Navier-Stokes equations. 17, 24 In this paper, the FCHC lattice is projected with 18 velocity directions c i (with i = 1, . . . ,18) for 3D space. The scheme involves two steps: a propagation step in which mass densities N i at position x travel to position x + c i t, and a collision step that redistributes the mass densities at each lattice site. These two steps can be described in the form of the lattice-Boltzmann equation (LBE) which is similar to the kinetic equation in lattice-gas automata,
with t the time increment in lattice units (usually set to unity), and i the collision operator which depends nonlinearly on all components of N. The differential form of the LBE can be derived from 
According to the locally averaged conservation equations introduced earlier (Eqs. (5) and (6)), i is constrained by the following conditions:
with f = −F p /(φ l V l ). The mass density ρ l (x, t) and the momentum concentration ρ l (x, t)u(x, t) are defined in terms of N i as
According to statistical mechanics, N i will evolve toward a local equilibrium at low Mach number. Using the Boltzmann approximation and certain other restrictions, N i can be approximated by a multi-scale expansion, 17, 18, 22, 23 
Using the approach similar to that introduced by Eggels and Somers, 18 the locally averaged mass conservation equation (Eq. (5)) is recovered by substituting Eq. (12) into Eq. (9), and carrying out the summation over all i with the first constraint in Eq. (10), the definitions in (11), and moments of N i and i summarized in Appendix A 1,
In a similar manner, by multiplying Eq. (9) by c i and performing a summation over all i,
resulting in the locally averaged momentum conservation equations (Eq. (6)). Detailed discussions concerning the derivation of the collision operator and time evolution of the scheme are summarized in Appendix A 2.
B. Particle dynamics
The trajectories of individual particles can be tracked by various numerical methods depending on the level of physics being solved, e.g., the immersed boundary method, 26 the force-coupling model, 27 and the multiphase-particle-in-cell method. 28 Here, we are interested in a method that invokes a minimum set of physics required to capture the main features in sedimenting suspensions, yet economic for large amounts of particles and long simulation time. Therefore, the Lagrangian particle tracking (LPT) model with the distributed-point concept is chosen in this paper. In contrast to the point-particle concept in which particles do not occupy space in fluid, displacement of particles in fluid (i.e., the volume effect) is included in the distributed-particle concept. This results in the so-called three-way coupling which includes the effects of fluid on particle dynamics, the effects of particles on hydrodynamics, and the effects of the velocity disturbance in the fluid generated by other particles. 21 The first two effects are represented via the momentum coupling between phases. The latter is realized through the presence of the volume fraction in the conservation equations. Its capability to reproduce particle dynamics has been proven by various authors 12, [29] [30] [31] [32] and will be further justified by favourable results obtained in this paper.
In the framework of the LPT model employed here, individual particles evolve in a timedependent, three-dimensional manner under the influence of their properties and those of the fluid phase following Newton's equations of motion,
with x p the center position of the particle, V the particle velocity, and m p the particle mass. The net force F N acting on the particle is the sum of net gravity force F G , forces due to the stress gradients F S , drag force F D , net transverse lift force F L , and added mass force F A . The expressions for the forces above and their closures are provided in Appendix B 1. Note that the effects of the presence of other particles on the drag force are expressed as the product of the drag force on an unhindered particle and a hindrance function g(φ p ) = (1 − φ p ) 2.65 with φ p the local particle volume fraction, 9 see Table I in Appendix B 1. The Basset history force F H is neglected in this paper for physical and computational reasons. First, it is known that the effects of F H are relatively small when the time-averaged quantities are of interest. 33 Second, the calculation of F H requires significant amounts of computational resources. Neglecting F H will not introduce large error and provide feasibility for simulations of large numbers of particles. Under the flow conditions considered in the present paper, preliminary tests showed that the rotational motion of the particles is insignificant for the simulation results. Hence, it is excluded from the LPT model. Since the ratio between the characteristic length of the flow field and the particle radius (ξ /r p ) used in this work is large compared to the particle size (see Fig. 2 ), it can be assumed that the Faxen forces, i.e., the term involving with r 2 p 2 u, are relatively small compared to other forces. Therefore, they are neglected in this work. This is justified by favorable results obtained in our work.
The particles affect the continuous fluid phase by exerting forces, and displacing the fluid. The momentum coupling is provided by the interphase forces (i.e., drag, lift, added mass, forces due to pressure, and stress gradients) acting on the fluid through the forcing term F p in the momentum equation, Eq. (3). The displacement is described in terms of volume fraction φ l in the continuity (Eq. (2)) and momentum equations (Eq. (3)). In this paper, we separate this effect in the form of the factor f φ as shown in Sec. II A. The effect of f φ will be determined and discussed in detail in Sec. III.
Since we restrict ourselves to dilute suspensions (φ p ≤ 0.01) and finite particle Reynolds numbers (Re p up to O(10 0 )), particles will move smoothly (in the sense that the wake behind the particle 34 and the inertial effects are small 13 ) with large interparticle separation r p φ −1/3 p compared to r p . Therefore, the direct interactions (i.e., collisions between particles) are assumed to have negligible effects and are not considered.
In order to mathematically describe the coupling of quantities between Eulerian and Lagrangian reference frames, the mapping function with volume-weighted averaging is chosen. 35 A quantity j on the Eulerian reference frame is mapped to the Lagrangian reference frame, and vice versa, by
where p is the quantity on the Lagrangian reference frame, and ζ j cell is the weighting function of the neighbor cells. In the framework of this paper, the fluid velocity u, the fluid vorticity × u at the center of the particle, and the particle volume fraction φ p are transferred between the reference frames. Since the particle diameter d p is small compared to the fluid's grid spacing h, the particles are assumed to interact only with fluid nodes in their immediate environment, i.e., 8 surrounding nodes in 3D space. Hence, the weighted function ζ j cell is described by ζ
The subscripts p and j indicate the quantities on the Lagrangian and Eulerian reference frames, respectively. The choice of the d p /h ratios of 0.1 and 0.25 employed in this work is a compromise between a sufficiently fine grid resolution to capture fluid flow details and a sufficiently coarse grid resolution to keep the local averaging and distributed-particle approaches valid.
III. RESULTS AND DISCUSSION
In this section, we first discuss the numerical implementation. As mentioned earlier, we avoid complexities which may arise from the presence of walls and stratification of the particle concentration by considering only systems with monodisperse particles in a cubic periodic domain which are statistically uniformly distributed, see Fig. 1 . The continuous fluid phase is discretized into a uniform cubic grid. The conservation equations of the fluid phase are solved using the extended lattice-Boltzmann scheme. Trajectories of individual particles are tracked in the framework of a Lagrangian particle tracking model with the distributed-point particle approach. Once a particle leaves through a boundary, it will appear at the opposite boundary.
The particle to fluid density ratio ρ p /ρ l is kept constant at 2.5 in all simulations except two sets of simulations in Sec. III C. The ratio between the domain size L and the particle diameter (d p = 2r p ) is varied between 40 and 280. Grid resolution is varied by using the ratio between d p and the grid space h of 0.1 and 0.25. The number of particles being tracked simultaneously is up to 470 000. The simulations start with quiescent fluid and particles at rest. The time increment in the simulations is chosen such that one Stokes time τ s (i.e., the period required for a particle to travel over the distance of its radius r p at its terminal velocity V t ) is discretized by 1000 time steps. A body force equal to the excessive weight due to particles F x = (ρ d − ρ l )g, withρ d the domain-average mixture density, is distributed uniformly throughout the fluid grid nodes to prevent an unbounded acceleration due to the periodic nature of the domain and the absence of solid walls. Hence, the particle velocity in the direction of gravity V in the simulations is the velocity relative to the reference frame moving with the fluid velocity induced by F x . Therefore, V is equivalent to the particle velocity observed in sedimentation experiments. The particle Reynolds number Re p is varied in the range between 0.02 and 2.53 by varying the fluid viscosity ν l . The simulations are typically carried out for 5000 Stokes times. The long-term average values presented in Secs. III A-III F are the values averaged over the last 2500 Stokes times where the simulations are in (quasi) steady state. The standard error of the mean σ M = σ/ √ N mean , measured with the standard deviation σ and the number of mean values N mean , of the simulations is much smaller than the size of symbols we present in our graphs and error bars are omitted. Note that the mean values are taken every 5τ s . Therefore, each mean value is sampled from an independent realization. All simulation results are shown in dimensionless form such that comparisons with available literature data can be performed conveniently. We present and discuss our simulation results for sedimenting suspensions at finite Re p in the light of the understandings obtained from sedimentation experiments at low Re p . 
A. Sedimenting suspension of spherical particles
First, we demonstrate the idea that a simulation with a set of closure relations (Appendix B 1) and a large number of particles results in complex behavior as observed in sedimentation experiments. Preliminary tests were carried out with a single particle sedimenting in a cubic periodic domain. As one would expect, the particle accelerates from rest to its terminal velocity V t . We then carried out simulations of sedimenting suspensions in a cubic periodic domain with randomly, statistically uniformly distributed particles. An impression of a simulation with 150 000 particles is shown in Fig. 1(a) . A cross-sectioned impression at the middle of the domain from a simulation with Re p = 0.05 and φ p = 0.01 is shown in Fig. 1(b) . Variations of the particle velocity magnitude |V| can be directly noticed. It can be further observed in the animation of the simulation that |V| slowly evolves with time. The animation is available upon request. The particle settling velocity vector field scaled by its terminal velocity mapped on an Eulerian grid for simulations with Re p = 0.05 and 0.33 is shown in Figs. 2(a) and 2(b), respectively. The particle velocity fluctuations around the average, defined by δV = V − V , scaled by the average particle settling velocity in the direction parallel to gravity V are shown in Figs respectively. Despite the low Re p values invoked in the simulations, the velocity fluctuations fields manifest high complexity, such as swirls, helical structures, and saddle points. These are reminiscent to the experimental data of Segre et al. 2 and Bernard-Michel et al.
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The long-term average velocity distributions in both directions are found to be smooth and have Gaussian shape, see Fig. 3(a) . The mean value of the histogram of V is higher than −1 indicating the hindrance effect due to hydrodynamic interactions, the effect from the particle displacement, and the buoyancy. The mean value of the average particle velocity in the direction perpendicular to gravity V ⊥ is around zero. By subtracting the average values from the velocity histograms, the velocity fluctuations δV histogram in both directions can be compared directly. The distribution of the fluctuations around their means in Fig. 3(b) shows a larger variance of the fluctuations in the direction parallel to gravity. As a result, the amplitude of the fluctuations
is found to be highly anisotropic with higher magnitude in the direction parallel to gravity. These behaviors are in accordance with the experimental observations reported by various authors.
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The average particle velocity in the direction parallel to gravity V and the fluctuation amplitudes V ,⊥ slowly evolve with time to their (quasi) steady values. In sedimenting suspensions, particles initially cause perturbation in the fluid which accelerates particles around t/τ s = 35, then the velocity drops to its steady value, see Fig. 4(a) . Following the same trend, large particle velocity fluctuations were initially developed, reached a peak value around t/τ s = 180, and slowly decayed to its steady level, see Fig. 4(b) . Similar behavior is also observed experimentally (at low Re p ) 36 and numerically (at finite Re p ). 16 However, quantitative comparison of the initial velocity fluctuations to the experimental data cannot be done. This is because the flow conditions in experiments are complicated by the presence of walls, stratification, and the initial mixing of the suspensions. Furthermore, several authors believe that the evolution of the microstructure in sedimenting suspensions could be used to explain the so-called screening mechanism of fluctuation amplitudes, i.e., the independent of particle velocity fluctuations from the domain size. Several ideas related to the microstructure and the screening mechanism have been proposed in the literature, such as three-body hydrodynamic interactions, 41 convection of density fluctuations, 14 the effects of vertical walls, 39 and the effects of horizontal walls. 42 No conclusion has been drawn. The evolution of the fluctuation amplitudes and microstructure in sedimenting suspensions is subjected to our future work. Additional information can be found in literature. 6, 16, 43 Note that, in our preliminary tests, the effect of initial particle position is found to be insignificant when the particles are statistically uniformly distributed. This is mainly due to large numbers of particles and long simulation times used in the present work. In order to avoid the uncertainty at the initial phase of the sedimentation, only the long-term average values in the period between t/τ s = 2500 and 5000 are used in the present paper.
B. Particle volume fraction effects
It is well known that the average particle velocity in the direction parallel to gravity V is lower than the terminal velocity V t . [7] [8] [9] The hindrance effect is taken into account explicitly via the hindrance function g(φ p ) (see Table I in Appendix B 1) and implicitly through the fluid volume fraction φ l = 1 − φ p in the conservation equations of the fluid phase. Our simulations are able to capture the hindrance in V as a function of φ p with deviations from the Richardson-Zaki correlation (Eq. (1) with k = 1, and n = 4.65) less than 1%, see Fig. 5 . The results are independent from the d p /h ratios used in the simulations. This implies that the Richardson-Zaki correlation exponent n = 4.65 contains contributions from the hindrance effect due to hydrodynamic interactions (with the exponent 2.65 in the hindrance function), the effect from the particle displacement, and the buoyancy.
In a sedimenting suspension within a sufficiently large domain size at low Re p , the fluctuation amplitudes were found experimentally to depend solely on φ p and scaled with φ
The experimental data were found to be well fitted with the values of the fluctuation amplitudes scaling constants C 1, in the range between 2 and 3, and C 1, ⊥ in the range between 1 and 1.5. 6, 43 At Re p = 0.05, the simulated V and V ⊥ values resemble the scaling observed in experiments at low Re p with C 1, = 3, and C 1, ⊥ = 1, respectively, see Fig. 6 (a). This agreement with experimental observations is used to validate the ability to correctly predict the second-order statistics (i.e., the velocity variance) of the present numerical method. Noticeably, at Re p = 0.33, the simulated V and V ⊥ values are well below the scaling derived from the experiments at low Re p (Eq. (19)), see to characterize the suspension leading to the dependence of the scaling of V ,⊥ on Re p . This observation will be further discussed in Sec. III C.
C. Particle Reynolds number Re p effects
In a sedimenting suspension, the complexity in hydrodynamics is initially induced by the random nature of the suspension microstructure, i.e., the distribution of the particle positions. The hydrodynamics, in turn, determine the complexity in the particle dynamics. Following the study of Re p effects by Yin and Koch, 16 Re p is varied while the particle to fluid density ratio ρ p /ρ f is kept constant. This setting mimics possible experiments where Re p is varied by changing the fluid viscosity with the same set of particles. Figure 7 shows 16 The values of V and V ⊥ at Re p below Re p, c agree fairly well with Eq. (19) with C 1, = 3 and C 1, ⊥ = 1, respectively. Furthermore, the simulation results exhibit only weak dependence on the choice of d p /h ratio, which can be directly observed in where τ p is the characteristic time of dynamic relaxation for the particles and τ l is a time characteristic of the fluid flow field, 21, 44 varies with Re p . Within the parameter ranges considered here, St = ρ p Re p /(9ρ f ). In order to separate the effects of St from Re p , two additional sets of simulations have been carried out. In the first set, Re p is kept constant at 0.33 while St is varied in the range between 0.07 and 0.11 by varying the fluid viscosity and ρ p /ρ f between 2 and 4. It can be directly observed from Fig. 8 that, in the range studied here, St has no significant effect on V ,⊥ . In the second set, Re p is varied while St is kept constant at 0.09. The dependency of V ,⊥ on Re p closely follows the trend found in the previous set of simulations where Re p was varied while ρ p /ρ f was kept constant, see Fig. 9 . Based on these results, it can be concluded that V ,⊥ are determined mainly by the agitation of the fluid phase by the particles (i.e., the Re p effects), while the level of response between particles and fluid phase, i.e., St number, has no significant effect. Hence, the transition of the scaling behavior found in Fig. 7 might stem from the instability in the fluid flow field, e.g., brakeup of fluid vortices, occurring beyond Re p, c ∼ 0.08 (corresponding to St ∼ 0.02). A detailed study of liquid flow field and its effect on the scaling of V ,⊥ is the subject of our future work.
At (quasi) steady state and a sufficiently large domain size, a suspension contains swirl structures of various sizes and velocity magnitudes. The length over which the particle dynamics are correlated, i.e., the correlation length ξ , can be determined through the spatial correlation function of V along the direction perpendicular to gravity. The location where the spatial correlation function gets zero provides an estimate of ξ . 36 The magnitude of ξ is a measure for the average size of the swirl structures in the suspension. In the low Re p regime, ξ was found experimentally to be approximately 20 times the interparticle separation r p φ 1/3 p , and independent from Re p . 2, 6, 36 A comparison of the long-term average correlation functions of V along the direction perpendicular to gravity from the simulations with Re p in the range between 0.03 and 0.52 (Fig. 10) ξ with increasing Re p . A similar trend has been reported in the numerical simulations of Climent and Maxey. 27 We depict the finding by showing the particle velocity field around the average 
D. Domain size effects
Consider a situation, in which the domain size L is only a few times larger than the interparticle separation r p φ −1/3 p . The swirls will then have a size of the order of the domain size. If L is further enlarged by a few interparticle separations, while the particle volume fraction φ p and the particle Reynolds number Re p are kept constant, the swirl sizes will also increase. As a result, the fluctuation amplitudes V ,⊥ increase following the swirl sizes. However, when L is larger than a characteristic swirl size L s , the swirl sizes will not increase with L. Consequently, V ,⊥ get saturated and independent from L. Here, L s is defined as the length in which V ,⊥ are within a 10% range of their magnitude when they are independent from L. This behavior has been demonstrated experimentally by Segre et al. 2 
E. Analysis of sedimenting suspensions at finite Re p
In light of the results obtained from our simulations, the behavior of sedimenting suspensions at finite-particle Reynolds numbers has been revealed. In such system, the complex hydrodynamics are induced by the random nature of the suspension microstructure, i.e., the distribution of the particle positions. The hydrodynamics, in return, cause the complexities in the particle dynamics via hydrodynamic interactions. Consequently, these interactions form swirls which contain a large In order to express these relations mathematically, we extended the correlation derived from the sedimentation experiments at low Re p by Segre et al. 2 for sedimenting suspensions at Re p greater than Re p, c ∼ 0.08. From earlier discussion, it follows that the scaling of V ,⊥ is a function of φ p , Re p , and L. Therefore, the fluctuation amplitude scaling constants C 1, ( , ⊥) and characteristic length scaling constant C 2 as proposed by Segre et al. 2 are replaced by functions C 1, ( , ⊥) (Re p , φ p ) and C 2 (Re p , φ p ), respectively. The new correlation has the form
It is assumed that the functions C 1, ( , ⊥) (Re p , φ p ) and C 2 (Re p , φ p ) are power functions of the form a Re b p φ c p with fitting parameters a, b, and c. The values of each parameter are determined using the simulation sets described in Sec. III D which are carried out with various Re p , φ p , and L (Fig. 11) . The total number of simulations is 28 with two data points ( V and V ⊥ ) per simulation. First, we consider only the fluctuation amplitude in the direction parallel to gravity V . In each simulation set, the values of the functions C 1, (Re p , φ p ) and C 2 (Re p , φ p ) which provide the best fit to the simulation results are determined. Then, the fitting parameters a, b, and c for the function C 1, (Re p , φ p ) and C 2 (Re p , φ p ) are estimated. The process is repeated iteratively until the functions C 1, (Re p , φ p ) and C 2 (Re p , φ p ) provide best fit for all simulation sets. It is known that, at low Re p , the fluctuation amplitude in the direction parallel and perpendicular to gravity relate with each other with an anisotropy ratio γ a = C 1, /C 1, ⊥ in a range between 2 and 4. 2, 6 We assume that the fluctuation amplitudes also relate in the same way at finite Re p . We further assume that γ a depends on Re p and φ p with the form of power function similar to the expression of the function C 1, (Re p , φ p ) with a different set of fitting parameters. The iterative procedure described above is used to determine the values of the fitting parameters.
The fluctuation amplitude scaling function is found to be
When the domain size L is sufficiently large, the domain size effect is negligibly small (i.e., the square bracket in Eq. (20) is approximately unity). Equation (20) becomes
It can be implied from Eq. (22) that V decreases with increasing Re p . This is in accordance with the discussion concerning the effect of Re p in Sec. III C. It is important to note that, below the critical particle Reynolds number Re p, c , the fluctuation amplitudes scale with φ p with an exponent of 0.33. This is in accordance with the exponent found in the experiments by Segre et al. 2 Beyond Re p, c , the exponent is slightly modified by the fluctuation amplitude scaling function to a value of 0.28. Yin and Koch 16 found that the fluctuation amplitudes scale with Re p with an exponent of −1. It can be argued that in their work, the exponent was extracted from simulations at Re p higher than approximately 3 which is greater than the maximum Re p considered here. Noticeably, their simulation results at lower Re p exhibit Re p dependency with a higher exponent (i.e., less negative). 
The expression above implies that the anisotropy only very weakly depends on Re p and decreases with increasing φ p . At higher φ p , the interparticle separation is smaller. Hence, the hydrodynamic interactions are stronger resulting in a weaker anisotropy. The characteristic length scaling function is expressed as
With a constant value of the fluctuation amplitude scaling factors (the multiplication factor of the square bracket on the right-hand side), Eq. (20) Fig. 7 ).
F. Particle displacement effects
Owing to the derivation of the conservation equations at high φ p presented earlier (Eqs. (5) and (6)), the displacement of fluid by the particles is mimicked through the factor f φ . The volume fraction also appears in the back-coupling force term F p /(φ p V l ). In order to demonstrate the effect of the particle displacement, we carried out two sets of simulations at low to high φ p ; one with the volume fraction, and another without the volume fraction in the conservation equations. In order to be able to simulate dense particle systems without invoking particle collisions, the particles are arranged in a face-centered cubic formation, i.e., the distance from a particle to its surrounding neighbors is identical. Hence, the gradient and temporal variation of the volume fraction are zero, i.e., f φ = 0. The effect of the particle displacement is represented only in the back-coupling force term. Long-term average particle settling velocity in the direction parallel to gravity V from both sets of simulations for various φ p are shown in Fig. 13 . At low φ p (i.e., high liquid volume fraction φ l = 1 − φ p ), V from both sets is only marginally different. While, in the moderate φ p regime, φ p ∼ 0.10, V from the simulations including volume fraction effects is significantly lower than the ones without volume fraction effect. This is due to the fact that the back-coupling force term has a higher magnitude in the simulations including volume fraction effects, which induces a higher magnitude of fluid flow against the particle motion. A quantitative difference in settling velocities is estimated by comparing the best fit correlation in a form similar to the Richardson-Zaki correlation. The liquid volume fraction in the back-coupling force term (the second term on the rhs of Eq. (6)) contributes to the exponent n with a magnitude of approximately 0.8. Note that, since the simulations are carried out with an ideal configuration of particles within an unbounded domain, this comparison should not be related to the settling velocity in a more realistic system with randomly distributed particles.
Next, the particles in both sets of simulations are generated randomly with a statistically uniform configuration. Hence, the effect of f φ is included in the simulations with the volume fraction. We carried out simulations with φ p up to 0.01. As expected, the mean settling velocity V and the fluctuation amplitudes V ,⊥ are not significantly different in both sets. However, differences between simulations with and without the liquid volume fraction are found if the particle Reynolds number Re p is varied, see Fig. 14. In the simulations with volume fraction effects, the correlation length ξ decreases with increasing Re p . The simulations without volume fraction effect provide no dependence between ξ and Re p . This result suggests that the factor f φ , which arose from the presence of the volume fraction in the conservation equations and contains the gradient of the volume fraction, relates to long-range hydrodynamic interactions between particles.
IV. SUMMARY AND CONCLUSION
We propose an alternative numerical method for simulations of sedimenting suspensions. Different from the approaches by Elgobashi 45, 46 and Kuipers, 47, 48 we use an extended lattice-Boltzmann scheme to discretize the locally averaged conservation equations. It offers a simple and computationally efficient way to perform large scale simulations of sedimenting suspensions. The extended lattice-Boltzmann scheme coupled with a Lagrangian particle tracking model is able to reproduce the main features of sedimenting suspensions, such as swirls, helical structures, and saddle points, in accordance with the experimental data available in the literature. 37 Within the low particle volume fraction φ p regime considered in this paper, the simulated particle settling velocity V agrees well with the Richardson-Zaki correlation (Eq. (1)). 8, 9 Furthermore, at low Re p , the simulated fluctuation amplitudes V ,⊥ closely follow the scaling derived from the experimental data available in the literature (Eq. (19)). 2, 6, 43 These results confirm the ability to reproduce the first-order (i.e., the mean settling velocity) and second-order (i.e., the fluctuation amplitudes) statistics of the present numerical method.
At 16 using a surface-resolved numerical simulation method. In contrast to previous simulations of sedimenting suspensions, 13, 16, 27 we are able to demonstrate that fluctuation amplitudes get independent of the domain size when sufficiently large domain size and simulation time are invoked. We found that, at finite Re p , V ,⊥ are functions of Re p and φ p . In the spirit of the correlation derived by Segre et al., 2 we propose a correlation that correctly represents V ,⊥ in terms of φ p , Re p , and L (Eq. (20)).
In conclusion, the present numerical method is able to reproduce complex behavior found in sedimenting suspensions within the dilute suspension limit. Mechanisms behind the behavior of sedimenting suspensions at finite Re p are numerically demonstrated and discussed. Our findings are analyzed and formulated into a simple correlation. )(2∂ z u z ),
The relaxation of the third-order non-hydrodynamic modes is achieved by imposing T 
APPENDIX B: EXPRESSIONS FOR THE LAGRANGIAN PARTICLE TRACKING MODEL
Expressions for the forces acting on a solid particle
Since the fluid and the particles experience effective body forces which relate to the acceleration due to gravity, the net gravity force F G acting on each spherical particle is described with contribution from the local-average density of mixtureρ = (1 − φ p )ρ l + φ p ρ p , see Table I . 50 The effects of the pressure gradient p and the shear stress in the fluid · τ on each particle can be formulated by applying the material derivative to the lhs of the local-average momentum equations,
with F B = −φ p,d (ρ p − ρ l )g the force per unit volume acting on the fluid derived from domainaverage force balance between particles and fluid,
where V is the volume of the domain and the subscript d indicates domain-average quantities. Using simple algebraic and applying the continuity equation from Eq. (2) on the term on the lhs, Eq. (B1) becomes
Substituting F B , Eq. (B3) provides expression for the combined effects of p and · τ ,
Hence, the forces due to stress gradients F S acting on particles are found by multiplying the gradients with the particle volume,
The effect of other particles on the drag force F D is described in term of hindrance function g(φ p ).
51
Detailed discussion concerning the closure relations can be found in Refs. 21, 33, and 34.
